The direct measurement of gravitational waves is a powerful tool for surveying the population of black holes across the universe. The first gravitational wave catalog from LIGO 1 has detected black holes as heavy as ∼ 50 M , colliding when our Universe was half its current age. However, there is yet no unambiguous evidence of black holes in the intermediate- Here we make the case that multiband gravitational wave astronomy 5, 6 -specifically, joint observations by space-and ground-based gravitational wave detectors-will be able to survey a broad population of IMBHs at cosmological distances. By utilizing general relativistic simulations of merging black holes 7 and state-of-the-art gravitational waveform models 8 , we
to what distance these populations will be jointly detectable by gravitational wave detectors in both the milli-Hz (space-based missions) and hecto-Hz (ground-based detectors) bands.
Figure-2 provides an overview of the binary black hole mass-range -from stellar to intermediate to supermassive -that will be surveyed during the next 20 years of gravitational wave astronomy. For discussion in this text, we classify four epochs of gravitational wave experiments (see Supplemental Material for additional details). Epoch-1 (present) is the current generation of Advanced LIGO-like detectors and epoch-2 (early to mid-2020s) will be the upgrades to the existing LIGO facilities called A+ and Voyager (Voy). Epoch-3 (early to mid-2030s) may consists of two 3rd generation detectors -Einstein Telescope (ET) 11 and Cosmic Explorer (CE) 15 . Epoch- Additionally, our criteria for "multiband detection" includes that the source should be measured with S/N ≥ 8 in both ground-and space-based detectors .
EPOCH-4 (~2034)
The principal motivation of our study is to chart out the parameter space of multiband observations with IMBHs. These are particularly exciting sources, as their multiband observations should permit stronger tests of general relativity (with separate measurement of the pre-and postmerger black holes) 18 , tighter constraints on the formation channels of heavy black holes 19 (e.g., through better constraints on their spins) and their environment 20 (by seeing the evolution of their orbital eccentricity). In this text, we investigate three multiband network combinations of LISA with upcoming ground-based detectors: LISA + Voy, LISA + CE and LISA + ET. The latter is the most favourable scenario as it offers the least gap between the two frequency bands.
For the simplest case of binaries with two equal-sized, non-spinning black holes, we derive analytic relations for multiband detection radius (measured as cosmological redshift z multi ). Depending on the total-mass in the source frame M src = M det /(1 + z multi ) and detection threshold S/N , the multiband detection radius can be expressed as:
for M src in stellar-mass range
for M src in lower-range IMBH
for M src in medium-range IMBH
In figure-3, we provide a diagrammatic version of eq. (1) at various S/N levels, for three different multiband detector networks (see eq. (7) and Table-1 for the constants). We find that IMBH binaries in the lower-to medium-range (10 2−4 M ) are seen the farthest by all the multiband networks. For coalescences of ∼ 10 3 M IMBH binaries within 1 Gpc 3 , all three multiband networks would detect them with S/N ∼ 100. Such a high S/N in both bands should provide a unique opportunity to test the spin-orbit coupling predicted by general relativity (by independently measuring spin evolution in the post-Newtonian regime with LISA and in the strong-gravity limit with ground-based detectors), stronger constraints on the Hubble constant 21 (through tighter constraints on sky-location, inclination and distance for both ground-and space-based detectors) and by improving cross calibration of the space-based and ground-based instruments to better than 1%.
For IMBHs with maximally aligned spins, we find the maximum detectable total-mass for multiband observations increases by a factor of ∼ 1.5, reaching up to 2.2 × 10 4 M for the network LISA + ET. Further, the multiband detection radius can change by ∼ 75% by effective spins of binaries with medium to upper-range IMBHs, but has virtually no impact for stellar-mass binaries and lower-range IMBHs (see figure-6 and discussion in Supplemental Material). Further, we notice that the stellar-mass black hole binaries that LIGO has detected so far represent the weakest sources we are considering here, for all multiband networks. Except for GW150914 and GW170814, all other LIGO/Virgo events would be either sub-threshold or undetectable sources for LISA, assuming a 4-year LISA mission lifetime. Even for a 10-year lifetime, which would allow a lower f start , the detection radius in LISA for stellar-mass black hole binaries increases by only ∼ 30%.
We consider a wide range of binary mass distributions, to better delineate the parameter space accessible for multiband observations in the LISA + ET network in Figure and we account for noise from the galactic white-dwarf background in addition to instrumental noise (see Methodology for details). We find that LISA would detect the three coalescence stages for upper-range IMBH binaries -inspiral, merger, and ringdown -out to z ∼ 500. It is interesting to note that no other type of discrete astronomical object, in any form of observation, has had the potential to be surveyed so early in the universe.
Multiband parameter space for LISA + Voy and LISA + CE. A binary in either of these network combinations will have a frequency gap of ∆f ∼ 5 Hz between leaving the LISA band and entering the ground-based band. This low-frequency sensitivity gap for ground-based detectors is principally what limits their multiband detection radius (see figure-5 ). Further, the maximum total mass accessible is 5400 M (3300 M ) for LISA+CE (LISA + Voy) network, factor of a few smaller than for LISA+ET (2 × 10 4 M ). Figure 6 : Impact of black hole spins on detection radius for the LISA + ET network. The y-axis refers to the effective spin for an equal-mass binary black hole system (symmetric massratio η = 0.25). The x-axis is the total-mass in the source frame and the contours are angleaveraged multiband distances. The dotted line shows the impact of spins on the detection radius of (5000 + 5000) M binary.
Methods
Distances in gravitational wave astronomy. The luminosity distance D L to which we can confidently detect a black hole binary with gravitational wave detectors can be expressed as follows:
where Λ refers to the intrinsic parameters of the two black holes: masses (m 1 , m 2 ) and spins
. The four extrinsic angles on which the waveform depends (sky-location, orbital orientation) are referred to collectively as Θ, and S n is the single-sided noise spectral density of the gravitational wave detector. Here, F is implicitly defined by eq. 3. It determines the luminosity distance D L for a gravitational waveform h(Λ, Θ, D) at a fixed value of S/N :
The choice of f min is generally determined by the noise spectrum of the detector. Since the signal measured by the detector is redshifted by the expansion of universe, the black hole masses
Here z is the cosmological redshift and in this paper z(D L ) is computed for a flat ΛCDM cosmology, using Planck 2018 results 31 .
The horizon distance z hor is shown as the y-axis of figure-2). It is obtained from eq. 2 for Θ set to an optimal sky-location and inclination. For ground-based detectors, this refers to a source directly above the detector. For computing the horizon distance, the S/N from eq. 3 is set to 8, which is our nominal value for the detection threshold.
The multiband detection radius D multi (as luminosity distance) or z multi (as redshift) is shown as the y-axis of figure-3, contours in figure-4 and left-hand-side of eq. 1. We obtain this by averaging eq. 2 for all combination of Θ (sky-location and orientation) and requiring S/N ≥ 8 in both ground-and space-based detectors. Our reason to plot this conservative angle-averaged distance, compared to the horizon distance, is that it permits comparison of LISA and ground-based sensitivities on more equal terms. The angle averaging brings in an overall factor C to the S/N value given in eq. 3. For all ground-based detectors C = 2/5, while for LISA we use C = 2/ √ 5 32 .
(The averaging factor for LISA is different than for ground-based detectors because the LISA community generally follows a different convention when defining S n (f ); here we use the LISA noise formula from 32 , which already includes (i) factors that incorporate the instrument response averaged over detector orientations, and (ii) the fact that, for our purposes, 3-armed LISA can effectively be treated as two 2-arm IFOs.) Therefore, the multiband detection radius only depends the IMRPhenomHM waveforms were generated using the LIGO Analysis Library Suite (https:
//git.ligo.org/lscsoft/lalsuite). The numerical relativity waveform includes the sub-dominant harmonics, which are:
However, the IMR model includes fewer modes:
The motivation for combining two different waveform-generating techniques is to capture all essential physics, both in the post-Newtonian and extreme gravity regimes.
Instrumental Noise. For space-based missions like LISA, the frequency range goes from f min = 0.1 mHz and f max = 1 Hz. For our study, the instrumental noise of LISA corresponds to the L3 design (three satellites separated by 2.5 million kms), details regarding which are stated in a recent review 32 . As the 6-link LISA-L3 configuration is essentially a network of two detectors, the noise curve we have utilized already includes a factor of √ 2. It also includes the effect averaging over sky-location and LISA's solar orbit. While we have also included the noise from the galactic white dwarf binaries in LISA (causes a drop in sensitivity after the peak in the figure-2) , it has no impact on multiband observations. As LISA's mission lifetime is only 4-years, any binary of intermediate and stellar
masses will spend only a tiny fraction in the frequency range. Therefore, while computing S/N , we have ensured the frequency range corresponds to coalescence time of less than 4 years. Also, in computing the horizon distances in figure-1 , we multiplied eq.-3 by √ 5 to account for optimal orientation.
The noise curves for the ground-based detectors used in this study are available at https: //dcc.ligo.org/LIGO-T1500293/public. The noise curve for the LISA detector is computed using procedure described in recent text 32 .
Derivation of Forumula for Multiband Detection Radius. In eq. 1, we provide an analytic expression for the multiband detection radius z multi for an equal-mass, non-spinning multiband binary source, for each of the three networks. This expression depends only on the total mass measured in the detector frame, M det = M src (1 + z multi ), and the threshold value of S/N (for both ground-and space-based detectors). 
The constants c i and M 0 , listed in 
